Abstract-In this paper, an approximate solution for electromagnetic scattering by a very thin planar homogeneous dielectric object is presented. This solution is obtained from a volumetric integral equation using Fourier transform and is shown to be uniformly valid from low to high frequencies at all incidence angles including edge-on incidence. Validity of the solution is demonstrated through a comparison with canonical objects such as an infinite dielectric slab, and a number of two-dimensional (2-D) and three-dimensional (3-D) dielectric scatterers. For 2-D, and 3-D scatterers, the approximate solution is compared with a method of moments solution. In all cases examined the approximate formulation provides very accurate results except for situations where the dielectric constant is very high.
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I. INTRODUCTION

S
CATTERING from thin dielectric objects is a classic research topic in electromagnetics which has found a number of useful applications. A traditional approach is to model thin dielectrics with resistive sheets, and for several canonical geometries of resistive sheet bodies, exact solutions are found [1] . For example, solutions for scattering from a resistive half-plane was obtained using the Wiener-Hopf technique or dual integral equation formulation, which are represented in terms of Maliuzhinets half-plane function. For other geometry such as a finite strip or a disk exact solutions are not yet known [2] . Therefore, for arbitrary structures, a numerical method such as method of moments (MoM) or approximate analytical solutions such as physical optics (PO) or physical theory of diffraction (PTD) which includes the effect of edge diffraction are applied.
A thin dielectric disk is widely adopted to model broad leaves of deciduous trees [3] , [4] . To accurately estimate characteristics of forest channel such as backscattering, attenuation, etc. over a wide range of frequencies, it is very important to increase the accuracy of scattering formulations for the constituent scatterers [5] , . Currently two approximate scattering solutions, volumetric integral physical optics (VIPO) and Rayleigh-Gans, are commonly used. However, the accuracy of these two approximations is strongly influenced by the size and thickness of the disk, frequency, dielectric constant, and the incidence angles [5] . Rayleigh-Gans is valid when the thickness is sufficiently small ( , see Fig. 1 rate results independent of the thickness but for disks of large dimensions compared to the wavelength. This solution fails for near edge-on incidence. Therefore at intermediate frequencies and for near-grazing incidence at high frequencies, prediction of scattering from these structures using existing methods becomes erroneous. On the other hand for large scatterers, numerical methods like MoM become numerically inefficient. Hence an accurate analytical formulation that can cover these gaps is of high interest. The integral equation based on volumetric equivalent current has been well-formulated and used intensively [6] . As pointed out in [7] the volumetric integral equation (VIE) is not usually used in MoM algorithms since the required memory is much higher than that needed for the surface integral formulations. However, VIE has been used to obtain approximate solutions for the polarization currents inside dielectric scatterers based on the well-known Neumann(Born) series approach [8] , [9] , and rough surface problems [10] , [11] using the small perturbation method. In this paper, VIE is used to formulate scattering from thin dielectric objects where approximations pertaining to the small thickness of the objects and Fourier trans-0018-926X/$20.00 © 2005 IEEE form are employed. The proposed solution is shown to be valid for a wide range of dielectric constants, and incidence angles. In Section II, the general formulation for polarization current inside an arbitrarily shaped 3-D planar dielectric scatterer is presented. Then in the successive sections, the general solution is applied to a number of canonical objects for model verification. Throughout this paper, a time convention of is assumed and suppressed.
II. FORMULATION Fig. 1(a) shows the problem geometry in which a very thin dielectric scatterer is located in plane of a cartesian coordinate system. The scatterer is assumed homogeneous with a relative permittivity and arbitrary shape having a constant thickness . Using the notation of polarization current, the scatterer can be replaced with a volumetric current distribution of embedded in the host medium with permittivity . Here is the total electric field inside the scatterer. It can easily be shown that must satisfy the following Fredholm integral equation:
(1) where is the free space wave number, is the free space characteristic admittance, is the incident wave, and is the free-space dyadic Green's function [8] . The integral, , in (1) is performed over the whole volume of the scatterer. To arrive at an approximate form for the intended solution, we begin with the spectral representation of the dyadic Green's function given by if if (2) where , and , , and are defined as
Here, , and . It should be pointed out that position vector in (1) belongs to a set of points inside the scatterer as indicated by the term and the current itself. By substituting (2) in (1) and then evaluating the delta function term in (2) analytically, the VIE can be expressed in a more compact form given by (3) where is the integral part in (2), and is the well-known Rayleigh-Gans current [5] given by and is a diagonal matrix defined by . Basically the Rayleigh-Gans solution can be interpreted as the zeroth order solution of the modified VIE (3).
As mentioned, and are nonzero only inside the scatterer (see Fig. 1 ), i.e.
. Therefore, when taking Fourier transform, the infinite integral range can be truncated over a finite range of as (4) By invoking the thin dielectric approximation, the polarization current can be assumed a constant with respect to -axis, i.e.,
. Hence the integral in (3) with respect to can be evaluated using the mid-point approximation and we have Also, according to thin dielectric assumption, , and therefore (5) where is given by Now the original integral equation given by (3) can be written as (6) Using (4), the embedded integral in (6) can be interpreted as a convolution integral. Taking the Fourier transform of both sides and using is a constant function of position, (6) can be solved analytically. Basically it can be shown that (7) where and are the Fourier transform of and , respectively. Also , is an unit dyadic, and . Explicitly can be expressed as where , and
. By taking the inverse Fourier transform, a closed-form expression of can be obtained and is given by (8) In reality, the quantity is not a constant function of position in the entire domain. Hence in the Fourier transform operation, we should have included a convolution of the object shape function with the right-hand side of (6) . Ignoring the convolution process can be justified at both low and high frequency regimes. Since the Fredholm integral equation (6) is of second kind, the contribution from the integral when the extent of the scatterer is small compared with the wavelength can be ignored. This is rather clear in the context of the discretized version of the integral equation (method of moment approach). At low frequencies the so-called impedance matrix has a small size and its diagonal elements are close to unity and much larger than those contributed by the integral term. That is why ignoring the entire integral, and thus the associated convolution process, yield the familiar traditional solution for at low frequencies. At high frequencies where the Fourier transform of the shape function approaches a delta function, the convolution process does not change the results. Hence the formal solution presented by (8) is valid at both low and high frequencies. In between so long as the product is a relatively small quantity, the errors caused by ignoring the convolution process should be small. This will be shown in the following sections where the results obtained from (8) are compared with those obtained from numerical and exact solutions.
The scattered field in the far-field region can also be obtained easily from (8) . Considering a plane wave incidence, , the surface integral term in (8) can be rewritten as and field can be calculated as Here, is a unit vector along the direction of observation point. For canonical geometries these embedded integrals can be calculated analytically as will be shown later. It is also worth mentioning that the convergence of the spectral integrals improves at higher frequencies since the integrand decays faster.
III. INFINITE DIELECTRIC SLAB
The first example chosen for verifying results is an infinite dielectric slab for which an exact solution is known [5] . For this example, the approximate solution given by (8) is exact. For simplicity, a plane wave excitation is assumed, but the results can be easily extended to any arbitrary excitation using superposition principle. Since the extent of the scatterer is infinite, all integrals in (8) can be evaluated analytically in terms of a diagonal polarizability tensor like . After some algebraic manipulations, the elements of the polarizability tensor can be obtained as (9) (10) where . The exact solutions as given in [5] can be slightly modified to show where , , , and . Using the small thickness approximation, the exponential terms can be approximated by their first-order Taylor series expansion, i.e., . Using this approximation which obviously produce results identical to (9) and (10).
IV. DIELECTRIC STRIP AND HALF-PLANE
The next example considered here is the problem of scattering from a thin dielectric strip whose geometry is shown in Fig. 2(a) . For a plane wave incidence, the polarization current (8) can be reduced to a single integral given by (11) where is the same as with . The corresponding electric field in the far-field region can be easily formulated as (12) Unfortunately the integral can't be evaluated analytically and must be calculated numerically. To examine the validity of (12), examples are chosen from [12] . Fig. 2 shows comparisons of normalized radar echo width of a strip with thickness and as a function of , which are calculated from (12) and MoM in forward and backward directions for an edge-on TM polarized incident wave. Edge-on incidence is chosen as it is the most complicated scenario for the scattering problem. Fig. 2 shows that the approximate formulation (12) provides excellent results over the entire comparison region. In this calculation, the width of the strip is set to be and . Next, backscattering from a thin dielectric half-plane is considered. For this structure, exact and approximate solutions are known [1] , [13] . The problem geometry consisting of a dielectric half-plane located along the negative -axis is shown in Fig. 3 . For this geometry, (8) is reduced to (13) where is the current inside an infinite slab (PO current). The integral in (13) contains a singularity at whose contribution to the integral, using the residue theorem, provides the complete PO current. If we focus on just edge-on incidence case, this PO current always becomes zero. Considering a TM polarized wave having an electric field along and , in the far-field region, the electric field can be written as , where is known as the far-field amplitude.
can be computed for the backscattering direction from 
where
, and is the normalized surface impedance, and . The integral in the above equation can be evaluated analytically as (14) In a special case , (14) may be computed analytically as . An exact solution for a resistive half-plane [13] provides , which is in agreement with the new result within 2% error. To further validate the new formulation for arbitrary values of , a known asymptotic solution for a resistive half-plane problem is also used [13] , which provides (15) is represented by a contour integral including Maliuzhinets half-plane function whose definition and approximations can be found in [1] . Fig. 3 shows a comparison of the results calculated by (14) and (15) as a function of (real in this case). An excellent agreement is observed. However, it is shown that the discrepancy is increased with decreasing which corresponds to increasing . As mentioned before, it is expected for the accuracy of the proposed formulation to degrade for large values of . From Fig. 3 it is founded that when is larger than 0.5, the difference between the two solutions is less than 0.5 dB. For a perfect electrical conductor (PEC) case, , this formulation is no longer valid because the Fredholm integral equation reduces to the first kind. Fig. 4 is a plot of as a function of the imaginary part of and a fixed real part of 0.1. As seen from this figure the new formulation agrees very well with the asymptotic results. Hence (14) can provide a very good approximation for the Maliuzhinets half-plane function for moderate to large value of .
V. DIELECTRIC DISK
In this section scattering by a very thin dielectric disk is examined. For this geometry, the formulations derived in Section II can be directly used. First, scattering from an elliptical disk with major and minor axes of and is investigated. Choosing a coordinate system with x along the major axis and y along the minor axis of the ellipse, the surface integral of (8) can be evaluated in a closed-form and is given by [14] where is the area of the ellipse and is the Bessel function of the first kind of first order. Since this structure is widely used to model vegetation leaves, for the examples considered here a typical permittivity value of a leaf at 10 GHz is used. Forward scattering from a circular disk with a diameter of 3 cm, and a thickness of 0.2 mm is considered. Fig. 5 shows a plot of the scattering of the dielectric disk in forward direction as a function of incidence angles. In this figure two approximate formulations such as VIPO (high frequencies) and Rayleigh-Gans (low frequencies) as well as MoM results are shown. It is shown that the new formulation can reproduce the MoM results very accurately over the entire comparison region where low and high frequency results are only valid at high and low incidence angles only.
Another geometry for which the surface integral in (8) can be carried out analytically is a rectangle. For this shape where and are the width and length of the rectangular disk, respectively. Fig. 6 shows a plot of radar backscatter from a square leaf with and thickness of as a function of incidence angles at 10 GHz. The difference between the MoM and new formulation is less than 0.2 dB in magnitude and 4.5 in phase. Also the bistatic scattering radar cross section from the square disk is calculated for an incident wave propagating along the negative -axis (edge-on incidence). The observation point is varied from to 90 along the diagonal direction of the disk . Fig. 7 shows a plot of , and as a function of . Some small discrepancy is observed in the backward direction.
VI. CONCLUSION
In this paper, a new approximate formulation for scattering by a very thin homogeneous planar dielectric structures is presented. This formulation is derived based on a VIE for the induced polarization current. Using the spectral domain representation of the free-space dyadic Green's function, the polarization current inside an arbitrarily shaped thin dielectric disk is expressed in a closed-form equation in the spectral domain. Apart from the thin dielectric approximation, the formulation is obtained by replacing a shape-related convolution with the a simple multiplication which is shown to be valid for small where is the thickness and is the dielectric constant of the dielectric sheet. The validity of the formulation is examined using several structures. For an infinite dielectric slab, it is shown that the exact solution can be obtained using thin slab approximation. For 2-D and 3-D problems, thin dielectric half-planes and finite strips, and circular and square disks of wide range of size at different incidence angles are investigated, respectively. For thin dielectric half-planes, a closed-form solution for backscattering is formulated for edge-on incidence cases and compared with known solutions for resistive half-planes. For other geometries, scattered far-field behavior such as forward-, back-, and bistaicscattering are compared with results computed by MoM and excellent agreements are obtained.
